The Bell Inequality: A measure of Entanglement? 
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Entanglement is a critical resource used in many current quantum information schemes. As such 
entanglement has been extensively studied in two qubit systems and its entanglement nature has 
been exhibited by violations of the Bell inequality. Can the amount of violation of the Bell inequality 
be used to quantify the degree of entanglement. What do Bell inequalities indicate about the nature 
of entanglement? 
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Entanglement was recognised early as one of the key 
features of quantum mechanics |^. Entanglement can 
be described as the correlation between distinct subsys- 
tems which cannot be created by local actions on each 
subsystem separately. The advantage offered by quan- 
tum entanglement relies on the crucial premise that it 
not be reproduced by any classical theory]^, ^, ||. De- 
spite the fact that the possibility of quantum entangle- 
ment was acknowledged almost as soon as quantum the- 
ory was discovered, it is only in recent years that con- 
sideration has been give n to fin ding methods to quantify 
it I, I, I i 0, Hi, HI |l6|, 0. Historically 

the Bell inequalities were seen as a means of determining 
whether a two qubit system is entangled. It was known 
that the larger the violation of the Bell inequality the 
more entanglement present in the system[^. This lead 
to the perception that to some degree the Bell inequali- 
ties were a measure of entanglement in such systems. 

In 1994 it was discovered that not all entangled states 
violate a Bell inequality [p^. It was shown that the 
Werner state, a mixture of the maximally entangled 
state and the maximally mixed state can be entangled 
(inseparable) and yet not violate the conventional Bell 
inequality!^, It was found that multiple copies |9f| 
of the Werner state could be distilled to a state that 
does violate the Bell inequality. Hence it is important 
to specify now that our interest lies in whether a single 
particular state violates such an inequality. It was shown 
that by Gisin et. al^^ that there are states which do 
not violate this inequality, but can be distilled by lo- 
cal operations and classical communication to produce 
a state that does. Our interest is in whether the origi- 
nal state violates such inequalities. These observations 
are important experimentally because the Bell inequal- 
ities have been one of the few methods available to de- 
termine whether a two qubit state has quantum proper- 
ties. There have been quite a number of experimental 
tests of the Bell inequality using polarisation entan- 
gled photons from a spontaneous parametric down con- 
version source. Kwiat et al.^^ have shown a 2A2a vi- 
olation of Bell's inequality. Here maximally entangled 
pure Bell states were produced, however these sources 
are currently being used to synthesise two qubit polari- 



sation quantum states, with a variable degree of entan- 
glement and purity pGf. The question then becomes how 
do we characterise the entanglement in such systems. In 
the current work such states are being characterised by 
quantum state tomography which allows the reconstruc- 
tion of the reduced density matrix for the polarization 
entangled photons [^, |2^. Hence one can determine all 
the physically relevance properties such as the degree of 
entanglement and purity. The process to reconstruct the 
density matrices requires many more measurements than 
those required to violate a Bell inequality. 

We will structure this article as follows. We will be- 
gin by defining how we will characterise our two qubit 
state in terms of its degree of entanglement and degree 
of mixture. We will then proceed to specify the particular 
Bell inequality we will consider here. At this point here 
we comment again that we are interested in tests that 
can be performed on a single entangled pair of qubit 
(primarily because this is physically currently). There 
are a number of possible measurements that can be per- 
formed but here we will restrict our attention to POVM's. 
We will not consider generalised measurements. Given 
these tools we now examine the degree of violation ver- 
sus the degree of entanglement for two classes of states; 
the Werner state |^ and the maximally entangled mixed 
state We will attempt to answer the question as to 
"what the Bell inequality indicate about the nature of 
entanglement?" . Is it only weakly entangled states that 
do not violate such inequalities? 

In examining the degree of entanglement there arc cur- 
rently a number of measures available. These include 
the entanglement of distillation|^, the relative entropy 
of entanglement but the canonical measure of entan- 
glement is called the entanglement of formation (EOF) ||] 
and for apure state is simply given by the von Neumann 
entropy |^9| of that reduced density matrix. For a mixed 
state p the entanglement of formation is defined as. 



Ef{p) = min ) ^p,Ef{iIj), 



(1) 



where this minimum is taken over all the possible decom- 
positions of p into the pure states p = ^iPi\fpi){tpi\- The 
entanglement of formation for an arbitrary two qubit sys- 



2 



tern has been found by WootterspJ^ to be simply given 
by, 



with, 



Ef{p) 



i + \/r 



where h(x) is Shannon's entropy function, 

h{x) — — a;log(a;) — (1 — x) log(l — x), 



(2) 



(3) 



and r is the tangle | 
tangle r is given by, 



(concurrence [l5[ | squared). The 



T = C^ = [max{Ai - A2 - A3 - A4, 0}]^ 



(4) 



where the A's are the square root of the eigenvalues in 
decreasing order of, 
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(5) 



Here p* denotes the complex conjugation of p in the com- 
putational basis {|00), |01), |10), |11)}. With the entan- 
glement of formation Ep being a strictly monotonic func- 
tion of r, the maximum of r corresponds to the maximum 
of Ep. Hence the tangle may also be considered a direct 
measure of the degree of entanglement and this is what 
we will consider in this article. In general the measure 
of entanglement to be used depends heavily on your the 
desired us of that information. The entanglement of dis- 
tillation may be a much more useful practical measure 
but it is different to calculate in practice. In general the 
entanglement of distillation is smaller than entanglement 
of formation. 

For a general two qubit density matrix the purity of 
the state provides complementary information about the 
state. The purity measure described here is the linearised 
entropy of p given by 



SL-l{l^Tr[p^]} 



(6) 



The 4/3 normalisation!^ for Sl ensures that for a gen- 
eral two qubit density matrix Sl ranges between and 1. 
The von Neumann entropy]^ of the state could be used 
but Sl is easier to calculate and provides the same degree 
of characterisation. With an explicit expression for the 
degree of entanglement and the degree of mixture let us 
now turn our attention to the Bell inequality and what 
a violation of it potentially indicates about the nature of 
entanglement for the two qubit system. There are a very 
number of Bell inequalities that could be investigated in 
this article but we will focus our attention on the original 
two qubit Bell inequality ^, 

Bs = |i?(01,02)+i?(010^) 

+E{<j>[,cl,2) + E{4,[,q^',)\<2, (7) 
where the correlation function E {(pi, ^2) is given by, 

Ei<Pi,^2) = Tr{^i(0i)^2(02)/5}, (8) 



5,(0,) = cos0,[|O)(O|-|l)(l| 



e^'^'|0)(l|+e-'^'|l)(0| . (9) 



The inequality (0) is violated if Bs > 2. In the above 
expression the (/)i's are the analyser settings for the i*^ 
particle (i = 1,2). In calculating whether the Bell in- 
equality is violated, the choice of analyser settings is ab- 
solutely critical. In this article we will choose them to 
maximise the violation for the actual state under consid- 
eration. 

It is now time to turn attention to the class of states we 
will consider in this article. The Hilbert space in which 
two qubit reside is large and hence in this article we will 
generally restrict our attention to two particular types of 
states. The first state is of the form. 



/5(7,0 
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where, 



|*„o„) =cosC|0)|0) +e'^sin^|l)|l 



(10) 



(11) 



For ^ = 7r/4 eqn ( |10[ ) is of the form normally attributed 
to the usual Werner state which was the first state 
found to be entangled for certain 7 and yet not violate a 
Bell inequality for single states. 

We will refer to the state ([l0| ) as a non-maximal Werner 
state as it is a mixture of a non maximally entangled 
state and the fully mixed state. In the limit of 7 = 1 eqn 
(|lo| ) represents a non maximally entangled pure state. 
It is straight forward to show that the mixture of the 
nonmaximally entangled state and the fully mixed state 
given by (pX)[) is entangled only when. 



7 > 



1 



H-2|sin(20 



(12) 



(for the Werner state it is entangled for 7 > i p|, p2[). 
It is also possible to derive an explicit expression for the 
degree of entanglement for such states using the tangle 
measure. While it is quite complicated one can show that 
the tangle for the state (^^ is given by. 



max{- 



/Al - VA^ 1-7 



,0} 



(13) 



where, 



Ai = ±47sin(2C)Y(l + 7) -472cos2(2^) 
+ (1+7)^-472 cos(4e). 



(14) 



The second state we will consider is the maximally 
entangled mixed states recently predicted by White et. 
aZp^]. This states has the explicit form. 
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7>2/3 
7<2/3 



(15) 



(16) 



and has been shown to have the maximal amount of en- 
tanglement for a certain degree of mixture (as measured 
by linear entropy) or vice versa. This state is entangled 
for all nonzero 7 and in fact it has been shown that the 
tangle simply given by 
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(17) 



For a given degree of mixture, the maximally entangled 
mixed state is generally significantly more entangled that 
the Werner state at the same degree of mixture. 

Let us now examine how well these two state violate a 
Bell inequality. The state ( p^ ) violates the Bell inequal- 
ity (0) for quite a wide range of 7, ^ values. In Fig. (||) 
we plot the maximum value of Bs (optimising the anal- 
yser settings to maximise the violation) versus the degree 
of entanglement (as measured by the tangle). We have 
plotted two specific parameter sets 

• the nonmaximally entangled pure state /5(1, ^) 

• and the Werner state given /5(7, 7r/4). 



3.0 
2.8 
2.6 
2.4 
2.2 



2.0 





1 1 1 i 1 1 


' ' 1 










/(c) 




1 , X 1 


y . 1 






0.2 



0.4 0.6 
T 



0.8 



1.0 



FIG. 1; Plot of the maximum violation of the spin Bell in- 
equality versus the degree of entanglement (tangle r) for the 
non-maximally entangled pure state represented by the den- 
sity operator p(l,^) (curve a) and the Werner state repre- 
sented by the density operator /5(7,7r/4) (curve b). The anal- 
yser settings have been chosen to maximise the violation for 
the particular 7, ^ values. A violation of the spin Bell inequal- 
ity is achieved when |_Bs| > 2. Also shown in the figure are 
the results for the maximally entangled mixed state (curve c). 

This results show very clearly that the Werner state 
(given by the density matrix p(7,7r/4)) and the non- 
maximally entangled pure state (given by the density 



matrix /5(1,^)) violate the Bell inequality by difference 
amounts for the same degree of entanglement. In fact for 
these two different classes of entangled states, there is a 
clear region where one of the states (the non-maximally 
entangled pure state) violates the Bell inequality but the 
Werner state does not[|9|. This was a surprising result 
when it was first found by PopesculQ. 

It showed that non all entangled states violate a Bell 
inequality. All pure two qubit entangled states do violate 
a Bell inequalitylQ and in fact the degree of violation 
is equal to 2\/\ + r-^js^. However as a state becomes 
mixed it is harder to violate the Bell inequality. The 
Werner state does not violate our Bell inequality if it 
tangle is less than r < 1/3 (EOF = 0.44229). This is 
quite a small degree of entanglement and has lead to the 
perception that it is only certain weakly entangled mixed 
states that do not violate the two qubit Bell inequality. 
To investigate this point further less us consider the max- 
imally entangled mixed state that we described in (p^). 
This state has it degree of entanglement maximised for a 
given purity and vice versa. 

In Fig. (0), we have also plotted (curve c) the degree of 
violation of the Bell inequality versus the tangle for this 
maximally entangled mixed state. We observe in this 
Figure that significantly more entanglement is required 
to violate the Bell inequality to the same degree for the 
maximally entangled mixed state than for the Werner 
state. In fact our Bell inequality for the maximally entan- 
gled mixed state is only violated if r > 0.5 {EOF = 0.6). 
This is a significant degree of entanglement given that 
a Bell state has t = 1.0 [EOF — 1.0) and a separable 
state has r = 0.0 [EOF = 0.0). The maximally entan- 
gled mixed state we have considered here has a maximal 
degree of entanglement for a given linear entropy (the 
choice of degree of mixture in this case) . There are other 
choices for the degree of mixture, not based on purity, 
and these may have a tangle value r > 0.5 while still not 
violating Bell inequality. This is left for further investi- 
gation. 

The result above also tentatively indicate that the 
more mixture contained in a state, the higher the de- 
gree of entanglement required for it to violate the two 
qubit Bell inequality. What these results indicate that if 
a state has a certain degree of entanglement (this may 
be large), it is not possible to infer whether that state 
will violate the Bell inequality or by how much. This is 
we believe the first instance where it has been explicitly 
demonstrated via quantifiable measures that the size of 
the violation of the Bell inequality for an unknown two 
qubit state is not absolutely related to the degree of en- 
tanglement in that state. 

Let us now investigate in some detail the effect of mix- 
ture of our entanglement and Bell inequality question. 
Again we will examine two specific states, the first being 
our non-maximally entangled Werner state. We choose 
this state as it has the property that with the two param- 
eters 7, ^ we can change the state from a non-maximally 
entangled pure state to the Werner state. We know that 



4 



the non-maximally entangled pure state 7=1 violates 
the Bell inequality as soon as the state contains entan- 
glement ^ 0)|33). However the Werner state (with 
^ = 7r/4 only violates the Bell inequality when t > i. We 
will investigate what occurs between these two extremes. 
The second state we will examine is a modification of the 
maximally entangled mixed state, 

/5™(7,6 = (1 - 7)|0)|l)(0|(f| +7|*„on)(*„on|. (18) 

and is a mixture of the non-maximally entangled 
pure state and the diagonal density matrix element 
|0)|1)(0|(1|. As for the first state mentioned the two pa- 
rameters in this state also make it possible to change its 
behaviour for a nonmaximally entangled pure state to 
the maximally entangled mixed state. Choosing the pa- 
rameters 7 and ^ such that both states ([l0| ) and ( |l8| ) are 
a non-maximally entangled pure state that just satisfies 
the Bell inequality (that is Bs — 2) we vary the param- 
eters 7,^ such that we increase the degree of mixture in 
the system while maintaining Bs = 2. For these new 7 
and ^ values we then determine the degree of entangle- 
ment and mixture ensuring that Bg = 2. In Figure (|^) 
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FIG. 2: Plot of the degree of entanglement versus linear en- 
tropy for the states ( |lo| ) and (^). The Werner state is dis- 
played as a dotted line while the MEMS state (|l^) is dis- 
placed as the solid dark curve. The tangle r of the Werner 
and MEMS state increases as the system becomes less mixed. 
The non-maximally entangled pure state may be represented 
by a line along the y-axis at a linear entropy of Sl = 0. The 
non-maximally entangled pure state satisfies the Bell inequal- 
ity (Bp = 2) at r = 0. Curve a) traces out the curve for the 
state (lid) where 7 and ^ are chosen such that Bs ~ 2. Curve 
b) traces out the curve for the state (^^ where 7 and ^ are 
chosen such that Bs = 2. In all situations here the analysers 
setting were chosen to maximise the potential violation. 



we plot on the tangle-linear entropy plane, the boundary 
curve where Bs = 2 for both states. The tangle axis 
(y-axis) represents the degree of entanglement while the 
X-axis displays the degree of mixture. Figure (|^) confirms 
for these states our idea that as the state becomes more 
mixed, more entanglement is required to violate the Bell 
inequality. If we again examine the state ( p^ ) then points 
for this state that fall below the curve a) in Figure (||) 
are entangled (if t > 0) but do not violate the inequality 
we have considered. 



To summarise, in this article we have investigated the 
extent to which the Bell inequality may be considered a 
measure of entanglement. Our results indicate that the 
more mixed a system is made the more entanglement is 
generally required to violate the original Bell inequality 
to the same degree. We have specifically illustrated an 
example where a state (the maximally entangled mixed 
state) has a tangle of r = 0.5 represents a significant 
degree of entanglement (an EOF = 0.6) yet does not 
violate the Bell inequality considered here. This dispels 
the impression that it is only the weakly entangled states 
that do not violate the Bell inequality. For a specific class 
of state, for instance the Werner state, it is clear that 
as the degree of entanglement increases, so does Bmax 
and hence the potential violation. However without full 
knowledge of the state being analysed and given that the 
two qubit state has a certain degree of entanglement it is 
impossible generally to determine the extent to which the 
Bell inequality is violated (or for a small degree of entan- 
glement if it is violated). In terms of finding other more 
generalised Bell inequalities that are violated, the maxi- 
mally entangled mixed state is a good test candidate. To 
finish however the knowledge that the Bell inequality is 
violated is strong evidence for the presence of entangle- 
ment in the two qubit system. The Bell inequality can 
always be seen as a marker for entanglement. 
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